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Abstract
We compute the boundary two point functions of operators corresponding to massive spin 1 and
spin 2 de Sitter fields, by an extension of the “S-Matrix” approach developed for bulk scalars. In each
case the two point functions are of the form required for conformal invariance of the dual boundary
field theory. We emphasise that in the context of dS/CFT one should consider unitary representations
of the Euclidean conformal group, without reference to analytic continuation of the boundary theory
to Lorentzian signature.
1 Introduction
The holographic principle is an attractive and fruitful way of thinking about quantum gravity, which has
proven spectacularly successful in its application to the physics of AdS spacetimes. Fuelled by this success
it is natural to attempt to find a similar holographic description of spacetimes with positive cosmological
constant. However in spite of considerable recent activity [1, 2, 3, 4, 5, 6, 7, 8, 9, 10], the proposed dS/CFT
correspondence remains very much the poor relation of its AdS counterpart. Numerous conceptual issues
remain to be addressed, chief among which is the delicate problem of observables in a spacetime with
cosmological horizons. The abscence of a controlled de Sitter solution of string theory means that we
currently have no concrete input on the CFT side of the correspondence. The precise nature of the
correspondence with the as yet unknown CFT has also remained vague; in particular, there are difficulties
in attempting to define an AdS-like prescription [9], [11]. Furthermore though much work has been done
on bulk scalars, a CFT description of higher spin bulk fields has remained unexplored.
Here we will address the last issue. Tests of the proposed correspondence can only be performed with
our current level of knowledge from the bulk side, and this provides the motivation for seeking a dual
description of higher spin bulk fields. In Section 2 we will briefly review the calculation of CFT two point
functions corresponding to bulk scalars. In sections 3 and 4 we extend the “S-Matrix” approach to massive
spin 1 bulk fields in any dimension and spin 2 bulk fields in d = 4, and find that in each case the two point
functions obtained are of the form required for conformal invariance. Section 5 contains a discussion of
our results, the issue of unitarity of the boundary CFT, and interesting future directions.
In what follows we will use two coordinatisations of dSd. The first which we will refer to as global
coordinates is given by
ds2 = −dτ2 + cosh2 τdΩ2d−1 (1)
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with dΩ2d−1 = γijdω
idωj , γij the round metric on S
d−1. We have set the de Sitter length l = 1. These
coordinates cover all of dSd. The second set which we will refer to as planar coordinates is given by
ds2 = −dt2 + e−2tdx2 (2)
These cover only half the spacetime, namely the causal past of a geodesic observer. We also define the
function
z(x, x′) = cos2
µ(x, x′)
2
(3)
where µ(x, x′) is the geodesic distance between two points.
2 Bulk Scalars
First we consider bulk scalar fields. We will for simplicity take d = 3. This has been extensively studied
in [3], [8], [9], and we will review their results. The equation of motion is
(∇2 −m2)φ = 0 (4)
The limiting behaviour of φ in global coordinates as τ → −∞ is
lim
τ→−∞
φ(τ,Ω) = φin+ (Ω)e
h+τ + φin− (Ω)e
h−τ (5)
where h± = 1 ± ν, ν =
√
1−m2. The Wightman function G(x, x′) is vacuum dependent and is a linear
combination of the hypergeometric functions
F
(
h+, h−;
3
2
; z
)
, F
(
h+, h−;
3
2
; 1− z
)
(6)
We consider the amplitude
(φ, φ)−− = lim
τ→−∞
∫ ∫
d2Ωd2Ω′
[√−g√−g′(φ(x)←→∂ τG(x, x′)←→∂ τ ′φ(x′)
)]
τ=τ ′
(7)
and find on choosing a particular vacuum
(φ, φ)−− =
∫ ∫
d2Ωd2Ω′
(
b−φ
in
+ (Ω)∆−(Ω,Ω
′)φin+ (Ω
′) + b+φ
in
− (Ω)∆+(Ω,Ω
′)φin− (Ω
′)
)
(8)
with b± vacuum dependent constants (which vanish in the “in” vacuum). The kernels ∆±(Ω,Ω
′) are
the correlation functions of CFT operators of conformal dimension h± on an S
2. The constants may be
absorbed by a field redefinition for two point functions, though three and higher point functions depend
nontrivially on the choice of vacuum [9]. Similarly one may evaluate (φ, φ)−+, (φ, φ)+− and (φ, φ)++. In
particular with one point on I− and one point on I+, we define φout with an antipodal inversion relative
to φin:
lim
τ→∞
φ(τ,ΩA) = φ
out
+ (Ω)e
−h+τ + φout− (Ω)e
−h−τ (9)
and then
(φ, φ)+− =
∫ ∫
d2Ωd2Ω′
(
bˆ−φ
out
+ (Ω)∆−(Ω,Ω
′)φin+ (Ω
′) + (− ↔ +)
)
(10)
When evaluating CFT correlators with one point on each boundary, there is a wider choice of bulk
Green functions that may be used in (7), as the bulk Schwinger function is then nonzero. In [8] the
asymptotic behaviour of the bulk Wightman function with one point on each boundary is considered,
while in the S-Matrix interpretation of [9] it is the Feynman propagator that is used. The dependence
of CFT correlators on the bulk vacuum is encoded in the asymptotic behaviour of the bulk Hadamard
function, as the Schwinger function is vacuum independent.
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3 Massive Spin 1 Bulk Fields
We will apply a similar analysis to massive spin 1 bulk fields. The two point functions of the boundary
operators may be obtained up to a constant factor as the kernels of the bilinear forms obtained from the
amplitude (in planar coordinates)
(A, A) = lim
t→−∞
∫ ∫
dd−1xdd−1x′
[√−g√−g′gµνgµ′ν′(Aµ(t,x)←→∇ tGνν′(t,x, t′,x′)←→∇ t′Aµ′(t′,x′)
)]
t=t′
(11)
where Gµν′(t,x,t
′,x′) is the Wightman function of Aµ(t,x)
Gµν′ (t,x, t
′,x′) = 〈0|Aµ(t,x)Aν′(t′,x′)|0〉 (12)
with |0〉 a de Sitter invariant vacuum state. The equation of motion for Aν is
(∇2 − (d− 1)−m2)Aν = 0 (13)
subject to the constraint
∇µAµ = 0 (14)
We solve these equations asymptotically. The constraint equation yields
∂tAt − (d− 1)At = e2tDiAi (15)
(13) yields
∂2tAt − e2tD2At − 2e2tDiAi − (d− 1)∂tAt +m2At = 0 (16)
∂2tAi − e2tD2Ai − (d− 3)∂tAi − 2DiAt +m2Ai = 0 (17)
Combining (15) and (16) we see that as t→ −∞
At(t,x)→ e(r−+2)tA−t(x) + e(r++2)tA+t(x) (18)
where
r± =
d− 3± ρ
2
ρ =
√
(d− 3)2 − 4m2 (19)
Then from (17)
Ai(t,x)→ er−tA−i(x) + er+tA+i(x) (20)
with all corrections suppressed by at least two powers of et. The Wightman function Gµν′(x, x
′) satisfies
(∇2 − (d− 1)−m2)Gµν′(x, x′) = 0 (21)
subject to
∇µGµν′(x, x′) = 0 (22)
When a maximally symmetric vacuum state is chosen Gµν′ is a maximally symmetric bivector. This means
that it may be expressed as the sum of products of a set of preferred geometric objects [12]: the geodesic
3
distance µ(x, x′) (equivalently z(x, x′)); the unit tangents to the geodesic at x (∇αµ(x, x′) ≡ nα(x, x′))
and at x′ (∇ν′µ(x, x′) ≡ nν′(x, x′)); and the parallel propagator along the geodesic gµν′(x, x′). gµν′ satisfies
g ν
′
µ (x, x
′)gν′σ(x
′, x) = gµσ(x) (23)
g νµ′ (x
′, x)gνσ′(x, x
′) = gµ′σ′(x
′) (24)
with gµν , gµ′ν′ the metric at x, x
′. gσν′ may be expressed in terms of z, nσ and nν′ as
gσν′ = −2
√
z(1− z)∇σnν′ − nσnν′ (25)
We will now choose the Euclidean vacuum state. This is the unique de Sitter invariant vacuum state
where the Wightman function is singular for coincident points but nonsingular for antipodal points on the
de Sitter hyperboloid. It would be interesting to examine the roˆle of other vacua, but such issues are not
explored here. Then the Wightman function is given by [12]
Gσν′(x, x
′) = f(z)gσν′ + g(z)nσnν′ (26)
f(z) =
(
− 2
d− 1z(1− z)
d
dz
+ 2z − 1
)
u(z)
g(z) = f(z)− u(z)
u(z) = qF
(
r+ + 2, r− + 2;
d+ 2
2
; z
)
q =
(1− d)Γ(r+ + 2)Γ(r− + 2)
2d+1pid/2Γ(d+22 )m
2
(27)
The constant q is chosen such that the short distance singularity matches that of flat space. Expressing
in terms of P = 2z − 1 and retaining only the terms which contribute to (11) as t→ −∞ we find
Gσν′(x, x
′) =
[( P 2
d− 1
d
dP
+ P
)
u(P )
][
− ∇σP∇ν′P
P
+∇σ∇ν′P
]
(28)
As t→ −∞, P (x, x′)→ − e−(t+t
′)
2 |x− x′|2 and hence
−∇iP∇j′P
P
+∇i∇j′P → e−(t+t′)
(
δij′ −
2(x− x′)i(x− x′)j′
|x− x′|2
)
≡ e−(t+t′)Iij′(x− x′) (29)
Furthermore the coefficient of the leading e−(t+t
′) term in −P−1∇tP∇ν′P + ∇t∇ν′P is zero, and hence
Gtν′(x, x
′) is suppressed by at least two powers of et, et
′
relative to Gij′(x, x
′). The asymptotic behaviour of
Gij′(x, x
′) is determined by the transformation properties of the hypergeometric function (see appendix).
We find that
Gij′(x, x
′)→
( a−er−(t+t′)
|x− x′|2(r−+1) +
a+e
r+(t+t′)
|x− x′|2(r++1)
)
Iij′ (30)
a± constants. Then inserting (18), (20) and (30) into (11) and ignoring contact terms, we find
(A, A) =
∫ ∫
dd−1xdd−1x′
( aˆ+Ai−(x)Aj′−(x′)
|x− x′|2(r++1) +
aˆ−A
i
+(x)A
j′
+(x
′)
|x− x′|2(r−+1)
)
Iij′ (31)
where Ai± = δ
ijA±j and
aˆ± = −qρ
2(r± − 1)Γ(∓ρ)Γ((d + 2)/2)4r±+2
6Γ(r∓ + 2)Γ((1 ∓ ρ)/2) (32)
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Hence we see that Ai± correspond to a pair of CFT operators V
i
± whose two point functions are up to a
constant the kernels of (31):
< V i±(x)V
j′
± (x
′) >=
Iij
′
(x− x′)
|x− x′|2(r±+1) (33)
which is of the form required for conformal invariance1. The conformal dimensions are
1
2
(d− 1±
√
(d− 3)2 − 4m2) (34)
In global coordinates it may readily be verified that the asymptotic behaviour of Ai is given by
lim
τ→−∞
Ai(τ,Ω) = e
r−τAin−i(Ω) + e
r+τAin+i(Ω) (35)
with Aτ (τ,Ω) suppressed by two powers of e
τ as before. As τ , τ ′ → −∞ we find that P (x, x′) →
− e−(τ+τ
′)
2
(
1−cos θ
2
)
, where θ(Ω,Ω′) is the geodesic distance on the Sd−1. Also we see that
−∇iP∇j′P
P
+∇i∇j′P → e
−(τ+τ ′)
4
(∇iθ∇j′θ − sin θ∇i∇j′θ)
≡ e
−(τ+τ ′)
4
Iij′ (36)
Iij′ generalises the flat space inversion tensor Iij′ to the unit sphere [13]. We define σ = 1−cos θ2 , the
generalisation of the flat space |x− x′|2. Then evaluating the analogue of (11) in global coordinates as τ ,
τ ′ → −∞ we find
(A,A)−− =
1
2d+1
∫ ∫
dd−1Ωdd−1Ω′
( aˆ−Ain+i(Ω)Ain+j′(Ω′)
σ(r−+1)
+
aˆ+A
in
−i(Ω)A
in
−j′(Ω
′)
σ(r++1)
)
I ij′ (37)
where I ik′ = γijIjk′. The kernels are proportional to the two point functions of the CFT operators and
are just (33) conformally rescaled to the sphere. Similarly one may evaluate (A,A)++, (A,A)−+ and
(A,A)+−, in particular finding the familiar antipodal inversion when one point is on I+ and one on I−.
4 Massive Spin 2 Fields
We follow a similar procedure for massive spin 2 fields, which were discussed in [14]. In four dimensions
the equation of motion is
(∇2 − (m2 + 2))χµν = 0 (38)
subject to the constraints
∇µχµν = 0, gµνχµν = 0 (39)
and χµν symmetric. Bulk unitarity requires m
2 ≥ 2, with m2 = 2 giving partial masslessness (in general
dimension partial masslessness occurs at m2 = d−2 [15]). We assume m2 > 2. In global coordinates, (38)
1We note that this derivation is valid in any dimension if the mass of the bulk field is such that ρ is purely imaginary
or ρ is real and ρ < 2. If ρ > 2 (as may occur if d ≥ 6) then corrections to the leading asymptotic behaviour of the field
could in principle contibute to (11), and a more detailed analysis is required. These corrections are nevertheless not expected
to change the result. The cases when ρ is an integer require a case by case treatment and are explicitly excluded from the
discussion.
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and (39) read
∂2τχττ −
D2χττ
cosh2 τ
+ 7 tanh τ∂τχττ + (8 tanh
2 τ + 2 +m2)χττ = 0
∂2τχτi −
D2χτi
cosh2 τ
+ tanh τ(3∂τχτi + 2∂iχττ ) +
( 1
cosh2 τ
+m2
)
χτi = 0
∂2τχij −
D2χij
cosh2 τ
− tanh τ∂τχij + 4 tanh τD(iχj)τ − (2 tanh2 τ −m2)χij − 2 sinh2 τγijχττ = 0
∂τχττ − γ
ijDiχjτ
cosh2 τ
+ 3 tanh τχττ +
tanh τγijχij
cosh2 τ
= 0
∂τχτi − γ
jkDjχki
cosh2 τ
+ 3 tanh τχτi = 0
χττ − γ
ijχij
cosh2 τ
= 0 (40)
and these give the asymptotic behaviour as τ → −∞
χττ (τ,Ω) → e(q−+2)τχ−ττ (Ω) + e(q++2)τχ+ττ (Ω) +O(e(q±+4)τ )
χτi(τ,Ω) → eq−τχ−τi(Ω) + eq+τχ+τi(Ω) +O(e(q±+2)τ )
χij(τ,Ω) → e(q−−2)τχ−ij(Ω) + e(q+−2)τχ+ij(Ω) +O(eq±τ )
γijχ−ij = γ
ijχ+ij = 0 (41)
where
q± =
3±√9− 4m2
2
(42)
Following [16] it is straightforward to solve for the Wightman function Gµνα′σ′(x, x
′) in terms of z. Since
it is traceless on primed and unprimed indices, Gµνα′σ′ may be expressed in terms of a traceless basis of
bitensors
G(x, x′) = X(µ)T1 + Y (µ)T2 + Z(µ)T3 (43)
where
T 1µνα′σ′ =
1
16
gµνgα′σ′ + nµnνnα′nσ′ − 1
4
(gµνnα′nσ′ + nµnνgα′σ′)
T 2µνα′σ′ = (gµα′gνσ′ + gµσ′gνα′)−
1
2
gµνgα′σ′
T 3µνα′σ′ = 4n(µgν)(α′nσ′) + 4nµnνnα′nσ′ (44)
Defining the functions
W = X +
8
3
Y
U = Y − Z, (45)
the equations of motion and constraints yield, in terms of the variable z,
(
z(1− z) d
2
dz2
+ [c− (1 + a+ b)z] d
dz
− ab
)
W = 0 (46)
6
and
U =
3
16
(
z(z − 1)dW
dz
+ 2(2z − 1)W
)
Y =
3
40
(
8z(z − 1)dU
dz
+ 16(2z − 1)U −W
)
(47)
where a = q−+2, b = q++2 and c = 4, so in the Euclidean vacuum, W = F (q−+2, q+ +2; 4; z) (up to a
constant) and X, Y and Z are completely determined. It is convenient for our purposes to change basis,
and express the Wightman function as
G(x, x′) =
1
16
(X − 8Y )Q1 + (X + 2Y )Q2 + YQ3 − 1
4
XQ4 + UQ5 (48)
The new basis bitensors are
Q1µνα′σ′ = gµνgα′σ′
Q2µνα′σ′ = nµnνnα′nσ′
Q3µνα′σ′ = 4z(1 − z)(∇µnα′∇νnσ′ +∇µnσ′∇νnα′)
Q4µνα′σ′ = gµνnα′nσ′ + nµnνgα′σ′
Q5µνα′σ′ = 8
√
z(1− z)n(µ(∇ν)n(α′)nσ′) (49)
The leading asymptotic contribution to the Wightman function comes from the ijk′l′ component of the
Q1, Q3 terms. We find
( 1
16
(X − 8Y )Q1 + Y Q3
)
ijk′l′
→
(c−e(q−−2)(τ+τ ′)
σq−
+
c+e
(q+−2)(τ+τ ′)
σq+
)(
Iik′Ijl′ + Iil′Ijk′ − 2
3
γijγk′l′
)
≡ c−e(q−−2)(τ+τ ′)H−ijk′l′ + (− ↔ +) (50)
with all corrections and other components suppressed by at least two powers, and c± constants. (50)
is traceless at the boundary (γijIik′Ijl′ = γk′l′) since χ±ij are traceless there (41). The CFT two point
functions are given by the kernels of
(χ, χ)−− = lim
τ→−∞
∫ ∫
d3Ωd3Ω′
[√
g(x)g(x′)gαµgσν
(
χασ(x)
←→∇ τGµνα′σ′(x, x′)←→∇ τ ′χµ′ν′(x′)
)
gα
′µ′gσ
′ν′
]
τ=τ ′
(51)
A careful counting of powers reveals that (50) provides the only contribution:
(χ, χ)−− =
∫ ∫
d3Ωd3Ω′
(
cˆ−χ
+ij(Ω)H−ijk′l′(Ω,Ω
′)χ+k
′l′(Ω′) + (− ↔ +)
)
(52)
Thus the CFT correlators are determined up to a constant as
< T±ij (Ω)T
±
k′l′(Ω
′) >= H±ijk′l′(Ω,Ω
′) (53)
which are the two point functions required by conformal invariance for traceless symmetric tensor fields of
conformal dimension 12(3±
√
9− 4m2) on an S3 (the flat space form is given in eg [17]). The calculation
may be trivially modified to planar coordinates, or to involve one point on each boundary. In general we
expect conformal dimensions 12(d− 1±
√
(d− 1)2 − 4m2).
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5 Discussion
In conclusion we have tested dS/CFT for higher spin massive bulk bosons. The symmetric traceless
tensor representations of SO0(d, 1) (the identity component of the Euclidean conformal group in d − 1
dimensions) are labelled by [s, ∆], where s is the tensor rank and ∆ the conformal dimension. It is well
known [18], [19] that some of these representations may be continued to unitary representations of the
universal covering of SO0(d− 1, 2). This is possible if ∆ is real and
∆ ≥ d− 3
2
, s = 0
∆ ≥ d− 3 + s, s ≥ 1 (54)
That these conditions are violated in the context of dS/CFT by all but a small range of scalar representa-
tions has led to the suggestion that the putative CFT dual is nonunitary. However as the boundary CFT
is a priori Euclidean, it is more natural to demand the unitary realisation of SO0(d, 1) symmetry with no
reference made to analytic continuation to Lorentzian signature. Apart from certain exceptional, topo-
logically reducible representations, the unitary symmetric traceless tensor representations of SO0(d, 1)
(discussed in detail in [19]) are irreducible and unique up to equivalence. They are given by the following.
The principal series:
s = 0, 1, 2... ; ∆ =
d− 1 + iσ
2
, σ real (55)
The complementary series:
s = 0; 0 < ∆ < d− 1 (d− 1 ≥ 2) (56)
s ≥ 1 ; 1 < ∆ < d− 2 (d− 1 ≥ 3) (57)
In the bulk the principal and complementary series of representations of SO0(d, 1) are distinguished by
the value of the mass. Taking for example the scalar representations, in d bulk dimensions we have
m2 > (d − 1)2/4 for the principal series and 0 < m2 < (d − 1)2/4 for the complementary series. Prin-
cipal (complementary) series representations in the bulk correspond to principal (complementary) series
representations on the boundary. Similar considerations hold for spin 1 and spin 2 ( [20], [21] and refer-
ences therein). In particular we note that the bulk unitarity bound on the mass of the spin 2 field has a
holographic reflection in (57). We conclude that the group theoretic content of dS/CFT is that bulk and
boundary representations of SO0(d, 1) are unitarily equivalent.
It would be interesting to extend the calculations of CFT correlators to the exceptional representations
mentioned above. These should correspond to bulk photons, gravitons and partially massless spin 2 fields,
among others. However there are a number of difficulties which need to be overcome: there are subtleties
in a de Sitter invariant treatment of massless particles and also a problem with infrared divergences of
the Green functions [22], [23]. Another problem is to obtain a better understanding of field theories based
on unitary representations of the Euclidean conformal group (this has been examined in two dimensions
in [11], where novel hermiticity conditions were introduced). It would also be of great interest to find a
more precise definition, going beyond the current S-Matrix formalism, of what is meant by dS/CFT.
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7 Appendix
Here we relate properties of the hypergeometric function used in the text.
F (a, b; c; z) =
Γ(c)Γ(b− a)
Γ(b)Γ(c− a) (−z)
−aF (a, 1− c+ a; 1− b+ a; z−1)
+
Γ(c)Γ(a− b)
Γ(a)Γ(c− b)(−z)
−bF (b, 1− c+ b; 1− a+ b; z−1) (58)
lim
z→∞
F (a, b; c; z−1) = 1 +O(z−1) (59)
dn
dzn
F (a, b; c; z) =
(a)n(b)n
(c)n
F (a+ n, b+ n; c+ n; z) (60)
(a)n =
Γ(a+ n)
Γ(a)
(61)
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